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CONJUGATE PROBLEM OF AERODYNAMIC EXTRUSION OF JETS OF HEATED VISCOUS LIQUID 

V. I. Eliseev and L. A. Fleer UDC 532.526 

Aerodynamic extrusion of jets of viscous liquids is of practical value for the produc- 
tion of synthetic filaments consisting of polymer melts with the help of high-velocity gas 
flows. The problem of fiber formation is a conjugate problem, in which the mutual effect 
of the fiber formed and the surrounding medium must be taken into account. This problem was 
first formulated mathematically in [i, 2], where a model of the flow is proposed and the 
basic equations and boundary conditions are derived. In [3, 4] the most general equations 
describing the dynamics of thin jets of viscous liquid are derived taking into account the 
spatial bending and twisting, and in [4-6] the present status of the theory of hydrodynamics, 
heat transfer, and stability of fiber formation processes are analyzed in detail. In the 
case of fiber formation with the help of extrusion devices with low (up to 5 m/sec) final 
velocities of the jets, the external force exerted by the flow can be neglected [7]. As the 
velocity of the filament increases the effect of friction on the parameters of the fiber be- 
comes significant. For aerodynamic extrusion the forces of interaction of the fiber and flow 
are determining. A number of works (for example, [8, 9]), in which the characteristics of 
aerodynamic formation are studied, are devoted to some physical and technological aspects 
of this problem. In this paper we construct a complete, conjugate mathematical model of the 
flow and we perform a numerical analysis based on an iteration method [i0, ii]. 

i. Basic Equations and Boundary Conditions. Figure 1 shows a diagram of the flow of 
a jet of liquid, extruded with an air flow, parallel to the axis of the jet (i - draw hole, 
2 - jet, 3 - ejector). Because of the existence of viscous and heat-conduction effects, 
the jet of melt and the exterior medium interact with one another by means of the boundary 
layer. The mutual effect of the extruded jet and the medium makes this problem a conjugate 
problem. Let us assume that the flow of the jet of melt is stable, the jet does not bend 
and does not oscillate, and the velocity and temperature profiles in the jet are uniform. 
These assumptions make it possible to employ simple equations of motion of the liquid jet 
and heat transfer, derived, for example, in [1-3]: 

dAj p,j:Aj F dT,j 2~rjq 
dx G~ ' dx ~,~cjAj 

G = pjujAj,  F = f f r  -~ F in  ~ fg ,  q = qT ~ qrad ( 1 . 1 )  

= D exp (B/Tj + C), AjI~= 0 = Aj0, Tj lx= 0 = Tj0. 

Here  p~ i s  t h e  d e n s i t y  o f  t h e  l i q u i d ;  uj  i s  t h e  v e l o c i t y  o f  t h e  j e t ;  g i s  t h e  e m i s s i v i t y  o f  
t h e  boay ;  o i s  t h e  S t e f a n - B o l t z m a n n  c o n s t a n t ;  c j  i s  t h e  h e a t  c a p a c i t y  o f  t h e  l i q u i d ;  Aj i s  
t h e  a r e a  o f  t h e  t r a n s v e r s e  c r o s s  s e c t i o n  o f  t h e  j e t ;  Tj i s  t h e  t e m p e r a t u r e  o f  t h e  j e t ;  ~ i s  
t h e  l o n g i t u d i n a l  v i s c o s i t y  o f  t h e  p o l y m e r ;  G i s  t h e  f l o w  r a t e  o f  t h e  p o l y m e r ;  r j  i s  t h e  r a -  
d i u s  o f  t h e  j e t ;  F i s  t h e  t o t a l  a x i a l  f o r c e ,  b a l a n c i n g  t h e  r h e o l o g i c a l  f o r c e  ana  i n c l u d i n g  
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I i / 2 \ ( ) ,5~  t h e  f o r c e  o f  f r i c t i o n ,  t h e  w e i g h t  o f  t h e  j e t ,  and i n e r t i a  l " f r =  2n ~jvj(l  + ~jx) ax, F s =  
L x 

S g p j A j d x  and F i n = G ( u j - - u L ) ) ;  L i s  t h e  l e n g t h  o f  t h e  j e t ;  u L i s  t h e  f i n a l  v e l o c i t y  o f  t h e  
~g 

j e t ;  ~ i s  t h e  t a n g e n t i a l  s t r e s s  on t h e  s u r f a c e  o f  t h e  j e t ;  qT i s  t h e  h e a t  f l u x  owing t o  
f ~  q r ad  = ~ ~  ~ - T~ ~) i s  t h e  r a d i a t i v e  h e a t  f l u x ;  T~ i s  t h e  t e m p e r a t u r e  o f  
t h e  medium on t h e  o u t e r  bounda ry  o f  t h e  b o u n d a r y  l a y e r ;  and D, B, and C a r e  p a r a m e t e r s  o f  
a s p e c i f i c  p o l y m e r .  To c l o s e  ( 1 . 1 )  t h e  e q u a t i o n s  f o r  t h e  l a m i n a r  b o u n d a ry  l a y e r  on a l o n g ,  
t h i n ,  body o f  r e v o l u t i o n  

a (yu) - - +  
8x ~ (yv) = O, pCp U "4- V -  "4- 

(1.2) 

and the boundary conditions 

U Ig=rj = ~j, ]' tlt=rj = ]'j, ( 1 .3  ) 

ul,~=,.j+~D u~, Tlu_rj+~T= T~, ~ J = ~ l  ..... j' q r = - - ~ y  y=Tj' 

must  be added .  Here  u and v a r e  t h e  v e l o c i t y  componen ts  o f  t h e  gas ;  T i s  t h e  t e m p e r a t u r e  
of the gas; p is the density; Cp is the heat capacity; X is the coefficient of thermal con- 
ductivity; v and ~ are the kinematic and dynamic viscosities of the gas; u~ is the velocity 
of the exterior flow; ~D, 6T are the thickness of the dynamic and thermal boundary layers; 
and rj is the friction stress between the jet and the gas. Many constructional schemes for 
forming the jet are now known, but they can all be reduced to simple physical models, dif- 
fering by the boundary conditions at infinity and the combination of regimes of flow around 
the jet of melt. In what follows we shall examine some formation schemes that are of theo- 
retical and practical interest. 

2. Laminar Flow around the Jet. In this case the flow scheme corresponds to Fig. i 
with L 2 = 0. We assume that u~, the thermophysical parameters of the gas, and T= are con- 
stant. We shall solve the system (1.2) by the integral method, where logarithmic profiles, 
which have been successfully employed in problems of this type [11, 12], are employed as 
approximating functions for the velocity and temperature (2.1): 

,,j 7 1 n  1 +  Tj l - - T l n  t +  . ( 2 . 1 )  

Tak ing  i n t o  a c c o u n t  t h e  b o u n d a r y  c o n d i t i o n s  ( 1 . 3 )  and t h e  a s s u m p t i o n s  made, a f t e r  Eqs.  ( i . 2 )  
a r e  i n t e g r a t e d  o v e r  t h e  t r a n s v e r s e  c o o r d i n a t e  y f o r  unknown forms o f  t h e  p a r a m e t e r s  ~ and 

we obtain 

d'-~- = R 3 

R1 = _ ~2~ _ -~-  + + 0 .5  + e2~v + -~-  - -  0 .5  , 

B.,  = ~ + "E- + e 2 ~  ~2~ + ~ 2 _ _ ~ _  , 

( ) 3 ~ ~ 2  
B3 ~ a~, __ l + e ~-~v - -  ~ a 7  - -  - T  § i + + :a~7 , 

2 2 - (2.2) 
d~ [ ~ 1 7j.~ uoo 2rjx %0 
d--if= [. pr ,,j,.j~q- T o ~ T j  H4 -]-'-~31~ rj uj R S -  

\ 
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(Pr is the Prandtl number of the gas). 

Because Eqs. (2.2) have a singularity at the point x = 0, the initial conditions ne- 
glecting higher-order infinitesimals for x + 0 assume the form 

= [ 4,~x -io.5 + + ":2- + ( 2 . 3 )  
ao I , ,  fT-  ~] ' ~~ % /rT~l  " [_.=_ _}_ ?2 ? -? i 

L33\J ] 

Thus the problem of aerodynamic formation in this formulation reduces to solving numerically 
the systems (i.i) and (2.2) with the appropriate boundary conditions. The iteration process 
was constructed based on how close the resulting longitudinal force at the end of the section 
of formation is to zero with a prefixed accuracy. The starting data corresponded to real 
regimes of formation of the polymer polyester teraphthalate (PETP): rj0 = 0.0125 cm, Tj0 = 
300~ T~ = 17~ G = 0.029 g/sec, the length of the section of formation L I = 80 cm, and the 
molecular weight of the polymer M = 25,000 specific units. 
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Figures 2 and 3 show the dependences rj(x) and Tj(x), obtained for u~ = 3, 5, and I0 
m/sec- the curves 1-3 (without the transition into the turbulent state). It follows from 
calculations that the extruding flow around the fiber cools the fiber quite rapidly, and in 
spite of the comparatively large difference between the velocities u~ the instantaneous 
temperatures of the jet are quite close (the difference between the curves 1 and 3 does not 
exceed 15%). Because the viscosity of the polymer grows rapidly as the temperature de- 
creases the diameter of the filaments also quite rapidly reaches a constant value. As the 
rate of flow around the jet increases the final diameter of the jet decreases somewhat, but 
the zone of intense change in the diameter becomes shorter. 

3. Mixed Regime of Flow past the Jet. Under real conditions the boundary layers on 
the filaments can be both laminar and turbulent, since the length of the formation zone can 
reach several tens of thousands with respect to the diameter of the draw hole. It is shown 
in [5, 13] that the turbulent regime of flow past the fiber corresponds to an instantaneous 
Reynolds number Rex = x(u~ - uj)/v of the order of I05, and heat transfer and the interaction 
force are described by a number of close criterional relations, presented in [i, 5, 12, 13]. 
In the present calculations we employed the criterional relations from [i, 13]: 

N u  = 0.42ReO,3~% C s = 0 .3745Re-O.61,  R e  = 2rj(uo~ - -  l / j) /V. (3.1) 

At the present time there is no sufficiently accurate theory of turbulent and transitional 
layers on thin axisymmetric bodies, so that to make the estimates we shall assume that the 
laminar flow around the jet exists until Re x reaches a critical value, after which a fully 
developed, turbulent, boundary layer starts. 

In this case the calculation is first performed based on Eqs. (i.i) and (2.2), and 
then based on (i.i) and (3.1). Figures 2 and 3 show the distribution oflthe values rj and 
Tj along the length of the formation section for the following regimes: the coordinate of 
the point of transition x, = 42 cm corresponds to the critical value Rex = 10s and velocity 
u= = 5 m/sec (curve 4); u~ = i0 m/sec corresponds to x, = 17 cm (curve 5); Re x = 3"i0 s and 
u= = i0 m/sec corresponds to x, = 53 cm (curve 6). One can see from Figs. 2 and 3 that the 
introduction of the relations for a turbulent boundary layer into the computational scheme 
has a strong effect on the instantaneous temperature of the jet and to a lesser extent on 
its radius; this is attributable to the viscosity of the cooled jet. 

4. Extrusion with the Help of an Ejector. In this case the jet of melt is extruded 
from the draw hole by means of a turbulent flow of gas, moving in the ejector (see Fig. I). 
It was assumed that up to the ejector the jet moves in a stationary gas and a laminar boun- 
dary layer develops on it. The calculation up to the zone of the ejector with a given ex- 
trusion force is a particular case of the problem posed here; it is performed in a number of 
works (see, e.g., [i0]). For ejector extrusion the calculation in the formation zone is 
performed based on (i.i) and (2.2) for u~ = 0, and in the ejector zone based on (i.i) and 
(3.1) with a given velocity of the turbulent flow that is constant over the cross section 
and length of the ejector. In the equation of balance of forces from (i.i) in the ejector 
zone the term Fextr - the extrusion force - generated by the ejector is added to the terms: 

F = Fextr + Ffr + Fin + Fg. 

The distance from the draw hole to the ejector L I, the length of the ejector L2, and 
the velocity of the gas in the ejector correspond to the parameters of a real construction 
for fiber formation. Figures 4 and 5 show the functions rj(x) and Tj(x) with LI = 60 cm 
and L2 = 20 cm; the velocity of the gas in the ejector U~ej = i0, 50, and i00 m/sec (curves 
1-3). As follows from the calculations, the extrusion process is completed in the section 
LI; this is linked with the strong cooling of the jet of melt in the ejector for all veloci- 
ties of the ejecting gas presented (Fig. 4, curves 1-3), and the distribution of the instan- 
taneous radius of the jet along its length depends strongly on the velocity of the gas in 
the ejector (Fig. 5, curves i-3). Figure 4 shows the distribution of the absolute values 
of the components of the force balance along the length of the jet for U~ej = i00 m/sec. The 
maximum value of the rheological force on the inlet into the ejector corresponds to the ex- 
trusion force of the ejector. The greatest resistance to extrusion in the pre-ejector zone 
(x < 60 cm) is exerted by the force of inertia (~55% of the pulling force), since the jet 
accelerates from ~0.5 up to ~20 m/sec. The aerodynamic resistance is about 11%. The con- 
tribution of the force of gravity to the pulling force is small (less than 5%). In the 
ejector zone (60 cm < x < 80 cm) the chief acting force is the force of friction. Since the 
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flow of heat from the jet into the ejector is strong, the acceleration of the jet is low 
owing to the high viscosity and the force of inertia equals -6% of the force of friction, 
whereas the contribution of the weight of the jet to the extrusion force is insignificant 
(less than 1%). 

In the general case the gas jet emanating from the ejector creates an additional pull- 
ing force, which is not taken into account in the model problem described, since the post- 
ejector zone does not contribute anything fundamentally new to the computational scheme under 
study, but under real conditions the fiber immediately beyond the post-ejector zone is di- 
verted into the receiving unit without an increase in the velocity. Experiments on forma- 
tion from a melt with the help of a ring-shaped nozzle ejecting the jet were performed in 
[8, 9], but because their description is incomplete the results of [14, 15] on the fiber 
formation with a gas at rest for a fixed velocity of the jet were employed to evaluate the 
results obtained. Comparison of the computational results with the experimental results 
indicates that the flow model and the solution method presented in this paper are correct. 
Curve 4 in Fig. 5 shows the instantaneous radius of the jet of PETP melt for conditions 
of formation of [14], while curve 5 corresponds to the conditions of formation in [15]. The 
maximum discrepancy between the computational data and the experimental data does not exceed 
2O%. 
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NUMERICAL MODELING OF PHYSICAL EFFECTS IN THE DRAWING 

OF A GLASSY MATERIAL INTO A FIBER 

E. M. Dianov, S. M. Perminov, V. N. Perminova, 
and V. K. Sysoev 

UDC 532.6.011.72 

This article is devoted to the numerical modeling of the physical effects which take 
place in the conversion of a glassy substance from a semifinished product into a fiber by 
drawing while it is in the hot, viscoplastic state. The problem being examined relates to 
a number of so-called "problems with a free boundary," since the surface of the highly vis- 
cous molten material, not in contact with any other surface, changes form in accordance 
with the laws governing the dynamic equilibrium between gravitation, surface tension, and 
other forces. A characteristic feature of the problem is the presence of large gradients 
of temperature, viscosity, and fluid velocity in the drawing zone. We studied the effect 
of stable drawing of the semifinished product into a fiber, as well as the conditions, 
character, and causes of underheating oroverheating. The effects of drop formation and 
fiber rupture are also examined. The problem being considered is of great practical inter- 
est, since it helps answer a key question in one of the most rapidly developing high-preci- 
sion technologies - the stability of the drawing of optical fibers from quartz glass [1-4]. 

The drawing of quartz glass was studied as the axisymmetric vertical flow of a highly 
viscous fluid with a free boundary and variable viscosity. Viscosity unambiguousl[ depends 
on the temperature of the quartz glass [5] in the drawing zone and changes from i0 ~ to 
1020 P. The conditions of entry of heat into the semifinished product are assumed to be 
given. 

We will study coupled nonlinear nonsteady equations describing the heat transfer and 
flow of a viscous incompressible liquid and its free boundary, along with the continuity 
equations [2, 4, 6]: 

or ~ +v  . . . .  +-$f  ~ + ~  T + - - k ( T )  ~ + - - ; - ~ 7 + 7 7  T; (1) 
Ot ~ U Or Oz pCp pCp 

to, ] au uO__u ~u ~ op +__o% + t au ~ a~ a~ (r) + + "~ , 
0-7" + Or + V -~z = p Or + ~ (T) L Or 2 Oz 2 r Or 7 § 2 Or Or 

av av av I o p  + ~1 ( r )  [ a~v + a% + r Or J "4- g -}- 2 0--7 a---i-- + ar \ ar + az 7' 0"-7" + u -g7 + v az p az [ Or 2 az ~ 
(2) 

Ou Ov u 

o-7 + ~  +-7  -. =0;  (3) 

aa aa (4) 
ot u - - ~ +  u. 

Here, the z axis is directed along the drawing axis; the r axis is perpendicular to the 
drawing axis; v and u are the longitudinal and transverse velocities of the molten quartz 
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